Contemporary Mathematics 
Volume 00, 0000 



Discrete Groups, Grothendieck Rings and 
Families of Finite Subgroups 



ALEJANDRO ADEM 



Dedicated to Samuel Gitler on occasion of his sixtieth birthday. 

0. Introduction 

Understanding the representation theory of an infinite discrete group is usually 
very difficult. Nevertheless, there are certain classes of discrete groups (such as 
arithmetic groups) which satisfy algebraic properties similar to those of a finite 
group. For example, an arithmetic group has only a finite number of elements 
of finite order up to conjugacy, and the same is true for other large classes of 
groups such as the mapping class groups, the outer automorphism group of a 
free group, hyperbolic groups, etc. 

In this paper we look at the representation theory which is determined by 
finite subgroups. More precisely, if F is a discrete group with a finite number of 
finite subgroups up to conjugacy (the FCP condition) we introduce 

Definition If J-^ is a family of finite subgroups, and R is a commutative 
ring, then 

G^(i?[F])= hm G(i?[i7]), 

where G{R[H]) denotes the usual Grothedieck ring of finitely generated R[H]- 
modules. 

After providing preliminaries in section 1, we prove some basic facts about 
the rings G^{R\r\) which follow easily from the corresponding results for finite 
groups. We summarize them below (notation as above): 

(1) If is a commutative ring with 1 satisfying the minimal conditions on ideals 
then Gjr(S'[F]) is free abelian of finite rank. 
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(2) rkzGj^l'QlT]) = C^(r) , the number of distinct conjugacy classes of cyclic 
subgroups in JF. 

(3) rkiGjr[C[r]) = n^(r) , the number of distinct conjugacy classes of 7 € F 
such that < 7 >e T . 

(4) For any field IK of characteristic zero, Gjf (IK [F]) = Z if and only if JF = {{!}}. 



In §3 we compute G^(Q[r]) , G^(C[F]) for several interesting examples in- 
cluding amalgamated products, SL-i(L) , GLp- i(Z) and a few of the Bianchi 
groups. These examples illustrate the computability of our construction. 

Let G''^(i?[F]) denote the Grothendieck ring constructed from i?[F]-modules 
which are finitely generated over R , and define 



In section 2 we discuss how this ring compares to the previous one, measured by 
an inclusion 



If F is a finite group, the usual induction-restriction arguments can be used to 
show that the map above is a rational equivalence. In contrast, this is not true 
for an arbitrary discrete group; the two rings may have different rank. This 
important discrepancy indicates that our construction will be of independent 
interest, irrespective of what the actual Grothendieck group associated to R[r] 
looks like. 

However this intermediate ring is useful for some specific questions relating 
to representations of F restricted to their finite subgroups. To illustrate this we 
introduce a cohomological index 



for certain groups F , showing that this ring is a natural object for questions on 
Euler characteristics and related invariants. 

One of the central problems in algebraic ^fC-theory has been to compute the 
Grothendieck group of projective modules i^o(Zi[F]) (see [F-J]). In particular, if 
r is torsion-free, it is conjectured that JfoC^fF]) = Z, and this has been verified 
in many instances using topological methods. In §4 we apply our methods to 
analyze Xo(IK[F]) when F has torsion. Using a construction introduced by 
Loday [L] we prove a converse to this, namely 

Proposition. // F is FCP and K «s a field of characteristic zero, then for 
T , the family of all finite subgroups in T, we have 



(5) 



dimq G^(Z[F])0Q>G^(F). 




: G^(i?[F]) G^(i?[F]). 



G^(if [F]) Z 



dimQ i^olIKfF]) Q > dimq {imjj^) O Q . 
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In particular, if T is virtually torsion- free (see section 1 for definition), we 
obtain the converse of the conjecture mentioned above over the complex numbers; 
if i4ro(C[r]) = Z, then T is torsion-free. 

In the final section we show how our construction is useful in equivariant 
topological K-thcory. If G is a finite group and F is a finite G-CW complex, we 
construct a limit TZg{Y) using the representation rings of the isotropy subgroups 
and fixed-point data (see section 5 for precise definitions) as well as a map 
induced by the restrictions : Kq{Y) — > 7?.g(F) for which we prove 

PROPOSITION. If Y is a finite G-CW complex, then the ring map (p has 
nilpotent kernel and is a rational surjection. 

As a special case of this, under appropriate hypotheses we obtain Gy^{C[r])(S) 
Q as a quotient of the equivariant K-theory of an admissible F-complex. In fact 
this paper was motivated by this topological application, which appeared in [A]. 

The simple algebraic constructions we use seem to be of some interest in their 
own right, especially given the fact that they record an important difference 
between finite groups and examples such as arithmetic groups. Moreover the 
applications above indicate that the techniques described in this paper may be 
of some use in topological K-theory, algebraic iC-theory, group cohomology, and 
character theory. Our main goal in writing this paper has been to provide an 
accessible account of this, leaving many questions which arise in this context to 
the interested reader. 

It is a pleasure to dedicate this paper to Samuel Gitler, to whom I owe a debt 
of gratitude for both his mathematical inspiration and friendship. 

1. Preliminaries 

In this section we will briefly discuss the class of groups to which our methods 
will apply. Let T denote a discrete group. 

Definition 1.1. A family T of subgroups of T is a non-empty collection 
of subgroups which is closed under conjugation and taking subgroups. 

Note in particular that {1} will belong to any family. By definition, F will 
act on a family via conjugation. 

Definition 1.2. Given a discrete group T we say that it satisfies the finite 
conjugacy property (FCP) if there are only finitely many finite subgroups in T 
up to conjugacy. 

If r satisfies FCP, and is any family of finite subgroups in F, then we 
denote by nj^{T) the number of distinct conjugacy classes of 7 e F such that 
< 7 >G T. This will be a finite integer. 

^From now on we will only be dealing with families of finite subgroups, and 
with groups which satisfy the FCP condition. 
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Example 1.1. We now list certain specific families we will be interested in: 

(i) -^(r) = family of all finite subgroups in T , 

(ii) •^p(r') = family of all finite p- subgroups in T , 

(iii) J^p' (r) = family of all finite p'- subgroups in T , 

(iv) C(r) = family of all cyclic finite subgroups in T . 

To minimize our notation, we will denote n;(r(r)(r) by n(r) , nj7^^r)(^) by 
np(r) , and nj7^,^r){^) by np/(r) . Note that if is any family, we can define 
a new family from it, 

C{J^) = family of all cyclic subgroups in 

and that clearly n^(r) = nc(^)(r) . 

Examples of groups satisfying FCP inchide finite groups, arithmetic groups, 
mapping class groups, and many other interesting classes (see [A]). 

For later purposes, we will need an additional hypothesis on F . We recall 

Definition 1.3. If r is a discrete group, it is said to be virtually torsion-free 
(VTF) if it contains a torsion-free subgroup F' of finite index in F . 

The examples mentioned previously are all virtually torsion-free. For example 
if F = SLn(^) , we can take F' = F(p) , the level p congruence subgroup for p 
an odd prime. Note that we can always choose F' to be normal in F. 

Next, we recall the concept of the Grothendieck group associated to a ring. 
Let A be a ring; the Grothendieck group G{A) of finitely generated left A- 
modules is defined (see [Swl]) to be the group with generators [M] , M an 
j4-module, and relations 

[M] = [M'] + [M"] 
whenever there is an exact sequence 

— > M' — > M — > M" — ^ 

of A-modulcs. Addition is induced by direct sum. 

If i? is a commutative ring, and A is an i?-algebra which is finitely generated 
and projective as an i?-module, then we may do the same construction as above 
but using only modules which arc finitely generated and projective over R ; we 
denote this by G^{A) . If we use only projective modules, we obtain Ko{A) . 
There is a natural map 

G^{A) G{A) 

which is an isomorphism if is a regular commutative ring. The particular case 
we will consider is A = R[tt] , where tt is a discrete group, and i? is a regular 
commutative ring (we will make this assumption from now on). By the above, 
G^{R[tt]) is an associative, commutative ring with unit, and if tt is finite, then 
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Pa is an isomorphism. In addition, a homomorphism R — > R' of regular 
commutative rings induces a map G{R[n]) — > G{R'[n]). 

2. Limits of Grothendieck Groups 

We assume now that F is a discrete group satisfying the FCP condition and 
that ii is a regular, commutative ring. 

Definition 2.1. The J^-Groethendieck ring of R\r] is 
G^(i?[r]) = hm G(i?[if]) 

The limit on the right can be described explicitly as follows. Conjugation by 
7 G r induces a group homomorphism : H — > ')H^~^ , and hence, a ring 
homomorphism 

C; : G{R[-fH^-^]) G{R[H]) . 
Similarly, the inclusion H K induces a restriction map 

resf : G{R[K]) — ^ G{R[H]) . 

Then the limit in 2.1 is, by definition, the subset of sequences 

{xh) e n G{R[H]) 

such that 

(1) if F C if , then ic'a^{xk) = Xh 

(2) li K^-^H-^-\i\ieii C;{xk)=xh. 

As the families we consider have a finite number of elements up to conjugacy, 
we can in fact identify this limit with a subset of the direct sum 

C?(i?[fl'])"'^(^) 

m 

satisfying the stability condition (1), where wr{H) = Nr{H) / Cr{H) is a finite 
group, and {H) denotes the conjugacy class represented by H . 

Given our hypotheses, Gj^{R[r]) is a unitary, associative and commutative 
ring of finite type. We will examine some of its general properties before comput- 
ing specific examples. Most of them follow easily from the corresponding facts 
for finite groups (see [Swl], [Sw2]). 

To begin we have 

Proposition 2.1. Let S be any commutative ring with unit satisfying the 
minimal condition on ideals. Then, for any family T of finite subgroups in T , 
Gj^{S[r]) is a free abelian group of finite rank. 



6 



ALEJANDRO ADEM 



Next, note that if R — > R' is a map of commutative rings, then, by the 
considerations in §1 , there is an induced map 

In particular, if IK is the quotient field of R (an integral domain) , we have a 
ring homomorphism 

GAR[T]) ^ G^(K[r]) . 

Recall that if is a finite group, and IK is a field of characteristic zero, the 
character ring of ]K[iJ] is the set of all integral linear combinations of characters 
of representations of H over IK, denoted by C(IK[iJ]) . The character map 

G{K[H]) C{K[H]) 

A < — > Xa 

induces a ring isomorphism, and hence, (as these maps are clearly compatible) 
we have 

Proposition 2.2. The character maps induce an isomorphism 
GAm = Hm C(K[F]) 
for any family T of finite subgroups in T. 

Hence G;r(IK[r]) is clearly of finite rank, and in principle can be computed. 

In analogy with classical representation theory, we would like to compute the 
rank of Gjr(IK[r]) in terms of subgroup data in T related to !F . Denote by 
Cjr(T) the number of distinct conjugacy classes of cyclic subgroups in JF; we 
have 

Proposition 2.3. G';ir(Q[r]) is free abelian of rank Cjr{T) . 

Proof. For a finite group H , let C{H) denote the family of its cyclic sub- 
groups. Then G(Q[if]) Q can be identified with class functions 

C{H)^Q. 

Now we can also identify lim C{H) with the family C{!F) . Hence, there is an 
isomorphism 

Mapr(C(;r),Q) ^ lim MapH(C(if),Q). 

The term on the right is isomorphic to GjF(Q[r]) (8) Q , hence showing that the 
original ring is free abelian of rank 

rfimQMapr(C(.F),Q)=G^(r). 

□ 

In a similar way one can show 
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Proposition 2.4. Gy^{C[T]) is free abelian of rank njr{T) . 

Note in particular that if V is finite and T = TpiiT), then G^(C[r]) is a 

ring which is free abcHan of rank np/(r), just Hkc the usual ring of modular 
characters. Upon tensoring with a large enough field they clearly coincide, but 
it is not clear if they are equal. If we take = Tp(X) then we obtain a ring 
of rank the number of conjugacy classes of elements of order a power of p in F. 
Such a ring would appear to be related to p-adic representations of the group. 

In fact, following the usual methods in character theory ([Sw2]), one can prove 
similar results for any field of characteristic zero. We obtain a general result 

Proposition 2.5. //IK is afield of characteristic zero, and T is any family 
of finite subgroups in T, then G^(]K[r]) =1i if and only if T = {{I}}- 

Recall that if .F is a family, C{J^) denotes the subfamily of all the cyclic 
subgroups in . We have a natural map 

G^(i?[r])-Gc(^)(i?[r]). 

Let i? = IK , a field of characteristic zero. Then, as characters are determined 
on cyclic subgroups, this map is injective, and in fact we obtain 

Proposition 2.6. For any field IK of characteristic zero, 

G^(K[r])®Q-Gc(^)(K[r])®Q. □ 

Families of cyclic subgroups are particularly nice for computing G^(Z[r]) . 
Using the fact that for any family C of cyclic subgroups, and H G C the maps 
G(Zi[H]) — > G(Q[iJ]) split in a compatible way [Sw3], we obtain 

Proposition 2.7. Let C be a family of cyclic subgroups of F. Then the 
natural map 

Gem) Gc(Q[r]) 

is a split surjection of rings. 

Combining these results we obtain 

Proposition 2.8. For any family T of finite subgroups, 

dimq G^(Z[F]) Q > (7^(F). □ 

More generally it is known [Sw3] that for a finite group H, if IK is the field of 
fractions of R, a regular. Noetherian integral domain, then the map G{R[H]) — > 
G(IK[iJ]) is a surjection, but not necessarily split as a map of rings. Hence there 
is no clear reason to expect the map 

G^(i2[F]) ^ G^(K[F]) 

to be surjective for an arbitrary family of finite subgroups. 
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The basic results in this section indicate that for any discrete group F sat- 
isfying the FCP condition our construction Gjr{R[r]) is an accessible algebraic 
invariant which can be used to concentrate on representation-theoretic problems 
both away from p and at p. We will see later on that it is computable in many 
interesting cases. 

Our previous construction is related to a particular Grothendieck group of 
i?[r] -modules. We introduce 

Definition 2.2. Let R be a commutative ring and T a discrete group, we 
define G^{R[T]) to be the Grothendieck group of R[T]-modules which are finitely 
generated over R . 

Given that T is FCP , the restrictions induce a map Gf{R[T]) — > ]J G{R[H]) 
which, using the natural inclusion of stable elements in the product, can be 
factorized as 

\ / 

n G{R\H\) 

Definition 2.3. 

G^(i?[r]) = im( JJ res) □ 

Note that we have a natural inclusion : Gjp-(i?[r]) Gjr{R\r]) ; the key 
difference between these rings is that one of them is a quotient of a representation 
ring, 

G^(ii[r]) ^ Gf{R[T]) I fl ker res^ . 

' Her 

If F is finite, then standard induction-restriction arguments can be used to 
show that becomes a surjection after tensoring with the rationals. However, 
it has been pointed out to the author [Se2] that this does not hold for arbitrary 
discrete groups. This is an important point, as it indicates that our construction 
distinguishes conjugacy classes of elements of finite order, whereas the actual rep- 
resentation ring does not. This is a significant departure from the behaviour for 
finite groups, and would seem to indicate that the rings Gjr(i?[F]) are of interest 
independently of actual representations. On the other hand the ring Gjr(i?[F]) 
can be useful in dealing with algebraic and topological questions determined by 
actual representations of F restricted to finite subgroups. 

Let us assume that F is VTF, and that F' C F is a normal subgroup of finite 
index in F with quotient G = F/F' (a finite group), and tt : F — ^-^ G the 
projection map. We have an induced map of rings G{R[G\) — > Gj^{R\r]), the 
image of which we will denote by {7r*(G(i?[G])}. This can sometimes be used to 
give a lower bound on the rank of the ring Gj^{R\r]). For example, if i? = C, 
let ug be equal to the number of distinct G-conjugacy classes of elements g G G 
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of the form g = 7r(7), where 7 € F is an element of finite order. Then, using 
character theory arguments, one can prove that in fact the rank of {7r*(G(C[G])} 
is precisely no, and hence we obtain (for the family of all finite subgroups in 

r) 

Proposition 2.9. 

dimQ GjF(C[r]) (E) Q > max na 

as G ranges over all finite quotients of V with torsion-free kernel. 

To illustrate the usefulness of the intermediate ring described above, we now 
show how it is the natural domain for a cohomological index closely related to 
the Euler characteristic of F (see [Br] for background on this). In the remainder 
of this section we will make the additional assumption that there exists a finite 
dimensional, acyclic Z[r]-complex C« such that for each i > , 

a = 0Z(g)Z[r], 

fe=l Hi^u 

where each Hi k is a finite subgroup of T . For geometric reasons, this assump- 
tion holds for arithmetic groups, amalgamated products of finite groups, and 
many other interesting examples [A] . In this section we denote T = T ij^) , the 
family of all finite subgroups in F. Let m(F) = l.c.m. {\H\ \ H G J^} . We 
introduce 

Definition 2.4. Let K be a field of charaeteristic prime to m{T) , and M 
a K[T]-module of finite rank over K . The index of M is, by definition, the 
integer 

lK{M) = J2i-^yd^^KH\r,M) □ 

i=0 

Proposition 2.10. With the previous hypotheses, we have 

(1) Ik {M) is a finite integer. 

(2) If Mi\g ^ M2\g for every S then Ik{Mi) = (M2) . 

(3) If — > M" — > M — > M' — > is a short exact sequence, then 

Ik{M)=Ik{M')+Ik{M"). 
Proof. Let = dim G* (as a chain complex) ; then we have 

N / rrn \ 

Ik{M) = 5^(-l)'dimK l^M"^'" . 

i=0 \k=l J 

Hence, (1), and (2) follow. As for (3), this is a conseqence of the fact that taking 
invariants under any Q G is exact, given our hypothesis on char(Ar) . □ 



10 



ALEJANDRO ADEM 



By Definition 2.2, we see that the index induces a well defined additive map 

iK-.G^iKlT])^!.. 

Note that Ik{K) = xi^^) > the topological Euler characteristic of T . Assume 
that r is virtually torsion free, and let F' C F be a normal, torsion-free sub- 
group with finite quotient G = F/F' . Let K[G] denote the group algebra of G 
over K , and suppose it decomposes into a sum of indecomposable modules, 

e{G) 

K[G]^^Sr. 

r=l 

We can think of this as an isomorphism of i4r[F] -modules using the projection 
F — >— > G , and hence, we obtain 

€(G) 

Ik{K[G]) = iKiSr) . 

r=l 

On the other hand, H*{T, K[G]) ^ H*{T', K) , and so 

Ik{K[G]) = x{BT'). 
Combining these facts, we obtain that H*{T', iC) ^ H*{r, Sr) , and that 

r=l 

Note that if F is torsion-free, then Ik{M) = dim^ M ■ x(^r) for all M , and 
hence imlx = x(-SF) • Z C Z in this case. In the general case it is not clear 
what im Ik must be. 

As an application of this invariant, we use it to give a proof of a result due to 
Brown [Br]. 

Proposition 2.11. // F' C F is a torsion-free subgroup of finite index, then 
(m(F)/[F : F']) • x(BF') is an integer. 

Proof. We already pointed out that x(BF') = Ik{K® K\r]) . Now, for any 

W : F'l 

H W\ 

vesUm{T) ■ K(^K[T]) = [T :T'] [qh ■ K[H]) 
v 

where = m{T) / \H\ . We can compute explicitly from this, to obtain 

m(F) . lK{K(g)K[T])=(f2{-iy (E^^.J ) [r:F'], 
r' \i=o \fe=i / / 



r' 

and so 
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and so 

m(r) I [r : r'] • x(Br') e Z. 

□ 

3. Calculations over the Rational and Complex Numbers 

In this section we will calculate G:F(Q[r]) , Gjr(C[r]) for several interesting 
examples, illustrating the computability of these invariants. 

We start by considering the amalgamated product of two finite groups along 
a common subgroup, F = G\*iiGi . Then we have an exact sequence 

(3.1) G^(i2[r]) G{R\Gx\) e G(i?[G2]) " 

for T = family of all finite subgroups in F . We compute some specific examples 
for i? = Q . 

Example 3.1. (1) T = 'L/p*'L/q p,q distinct primes 
In this case (3.1) becomes 

G^(Q[r]) G(Q[Z/p]) ® G(Q[Z/g]) ^ z ^ . 

Recall, that, for p a prime, 

G(Q[Z/p]) ^ Z[w] jw'^-^p- 2)w - (p - 1) . 

The ring GjF(Q[r]) can be computed from this information. We do the 
particular case when p = 3 and (7 = 5: 

G(Q[Z/3]) ^ Z[x] jx'-x-l,, G(Q[Z/5]) ^ Z[x] jy^-iy-A, 
and then, 

G(Q[r]) ^ Z[z\ I z^-Az'^-z + l. 

Note that the rank is three in this case, corresponding to the fact that 
there arc three cyclic subgroups of finite order in F , up to conjugacy. 

(2) T = SL2(E) 

This group can be expressed as the amalgamated product Z/4 * Z/6, 

Z/2 

hence we have the short exact sequence 
_ G^(Q[r]) G(Q[Z/4]) ® G(Q[Z/6]) ^c«izics2 G(Q[Z/2]) . 

Now 

G(Q[Z/2]) - Z[z] jz^-l, 

- l,xy-y, 
y2 - 2a; - 2 



G(Q[Z/4])^Z[x,y] / 
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and 

G(Q[Z/6])-Z[s,t] / "^Zl^^' 
The restriction maps take the values 

resi(a;) = 1 , Tesi{y) = 2z , res2(s) = 2 , res2(t) = z , 
from which we deduce 

/ - 1,1*2 - M2 - 2, 

GAQ[SL2m^Z[uuU2,us] / ul-2ui-2, 

I U\Uz — Us , U\Ui — 2u\ — ^2 + 2 . 

The rank here is five, corresponding to the fact that SL2(Z) has precisely this 
number of conjugacy classes of cyclic subgroups, respectively isomorphic to 
1, Z/2, Z/3, Z/4, and Z/6. 

Example 3.2. 

r = 5L3(Z) , = C(2) , the family of all cycUc 

subgroups of order a finite power of 2 . 

Up to conjugacy, there are precisely two maximal subgroups in this family (both 
of order four), namely 










((: 





-:■) 




1 











-1 




and 















\ 








In addition, we have that Wt{S) = Wt{T) = Z/2 , and we have a short exact 
sequence 

G^(Q[r]) G(Q[5])^/2 ^ G{Q[T\fi^ ^ Z , 

as the two maximal classes intersect trivially. However, the action of Z/2 is 
trivial on G(Q[Z/4]) , and we obtain 



l,xl -2x1-2, 

/rTlNror ^'77\^\ ~ '77^ i / 

:(2) 



xi — 1, a;| — 2x3 — 2 , 



1,3 ±,X4 

Gc(2)(Q['S'i3(Z)]) = Z[a;i,X2,a;3,a;4] / xiX2 - X2,xiX3 - xi - x^ + I , 

I X3X4, — X4,, X2X4, — 2a;2 — 2x4, + 4 , 
X1X4, — 2xi — X4 + 2, X2X3 — 2a;3 — a;2 + 2 . 



Note that the rank is five, corresponding to the five conjugacy classes 1, (S"^), {T'^), {S), {T) . 
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It is interesting to compare these calculations with the analogous ones over 
C (see [A]): 

G^(C[Z/3 * Z/5]) S Ilz] I z'' + z^ + z^-z'^-z-l, 

G^(C[5L2(Z)]) ^ + «6 _ u2 - 1 , 

Gc(2)(C[5L3(Z)]) ^ Gc(2)(Q[5L3(Z)]) . 

This last isomorphism is due to the fact that both elements of order 4 in (5), (T) 
are conjugate, and hence, conjugacy classes of cyclic 2-groups arc in 1 1 corre- 
spondence with conjugacy classes of elements of order a finite power of two. 

Example 3.3. Let T = GLp_i{Z) , p an odd prime, and = J^{p) . Prom 
[CR] it is known that the only finite p-subgroups in F are copies of Z/p . In 
fact, if ^ is a primitive p-th root of unity, and R = < Q(^) is the ring 
of algebraic integers, then these conjugacy classes of elements of order p in F 
correspond to the R ideal classes in Q(^) . Denote by I the set of ideal classes, of 
cardinality Cl{p) , the class number of p . Then the Galois group A = 1j/{p— 1) 
acts on / , and it decomposes into orbits 

t(p) 

7 = ]jA/S,, 5iCA. 

i=l 

Hence, we have a short exact sequence 

/Clip) \ ^ 

G^(p)(i?[F]) — I G{R[Z/p\) I Z*(f)-i — 



which becomes 



t(p) 

G^(p)(i2[r]) ^^G{R[Z/p]f^ Z*W-i 0. 
1 

Let Gi = Z/p Xt Si (the semi-direct product) ; the sequence above shows that 

G^(p)(i?[GLp_i(Z)]) ^ G^(j,)(i?[Gi * G2 * • • • * . 

(i) i? = C ; in this case 

G(C[Z/p]) ^ Z[x\ I {xP - 1) 

and as a A-module 

G(C[Z/p])^Z®Z[A] 

hence, 

G{C[Z/p]f' ^ Z[^^^*l+i 
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and G^(p)(C[GLp_i(Z)]) is free abelian of rank 

t{p) 

^(^Z^^-s,] + 1) _ (f (p) _ 1) = Clip) + 1 

i=l 

which is the expected result from Proposition 2.3. 

(ii) i? = Q ; in this case 

G{Q[Z/p]) - Z[w] ju?-{j>- 2)w -ip-l), 

and A acts trivially on it. 

Hence, the previous short exact sequence becomes 

t{p) I 

- G^(p)(Q[GLp-i(Z)]) 0ZH jw'-{s>-1)w-{p-\) Z*(f)-i ^ 0, 

and G:F(p)(Q[G-Lp_i(Z)]) is free abelian of rank 2t(p) — + 1 = t{p) + 1 as 
was predicted by Proposition 2.2. Note that 

G^(p)(Q[GLp_i(Z)]) - G^(p)(Q[**' Z/p]) 

(iii) i? = Z , in this case [Sw3] 

G(Z[Z/p]) ^ G(Q[Z/p]) X Go(Z[Z/p]) 

where Go(Z[Z/p]) is the reduced projective class group of Z[Z/p] , a finite group 
of order Cl{p) , and with product determined by the multiplication of ideals (this 
is in fact I) . We obtain 

|Go(Z[Z/p]f>| = J] 1)1^^^5,1 



• 1 p^j 



and so there is an exact sequence 



^ ^ ^ G^(p)(Z[GLp_i(Z)]) ^ G^^M'*^ ^/P]) ^ 1 



where A is a finite group of order 



t{p) 

1^1 =n 



In particular, we obtain that Cl{p) = 1 , if and only if 

G^(p)(Q[GLp_i(Z)]) - G{Q[Z/p]) . 
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Example 3.4. We now consider a few of the so-called Bianchi groups. Let 
K — Q(\/d) , with d G Z , d < and squarefree, be an imaginary number field. 
We denote by Od the ring of integers in K . As an abelian group Od has as 
basis {l,w} , where 



\/d rf = 2,3 mod4 



w 



■ 



mod4 . 



The Bianchi group is defined as 



Td = PSL2{Od) . 

These groups satisfy the FCP-condition. For small values of d, Flogc [F] has 
determined the lattice of finite subgroups (see also [G-S]) . The elements of finite 
order in these groups are of order 1, 2 or 3. Hence we use the families ^(2) and 
^(3). 

(1) F = r_i = PSL2{Z[V^]) . 



The finite subgroups (up to conjugacy) are determined by the diagram of 
intersections: 



Z/2 



Z/2 X Z/2' 



A. 



Z/3 



In fact, this simply describes an isomorphism 

r_i^((Z/2)2 * Ss) * {Ai * Ss). 



Let Ti = (Z/2)2 * 53 , Tii = A^ * S3; recall that 

Z/2 Z/3 



G^(2)(C[(Z/2)2])^Z[a;,y] 



G^(2)(C[53]) ^ Z[2] /z'-l^ G^(2)(C[Z/2]) 
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from which we deduce 



x2 - 1 , 



and 



Similarly, 



and 



G^(3)(C[r,]) - G^(3)(C[53]) - Z[7] /t' - 7 - 2 . 



G^(2)(C[A4])-(z[a;,y] / _ J ' ) ^ > 

where Z/3 acts by x i — > 1 — > xt/ , fixing 1 . 
Hence, 

G^(2)(q^4])^%] y/y2_2y-3. 

We deduce that 

G^(3)(C[r,,]) - G^(3)(C[53]) - Z[7] 1 1^-1 -2; 

and 

G^(2)(C[r„])-Z[wi,H 

Similarly, we have 

G^(2) (C [Z/2 * Z/3] ) ^ G(C [Z/2] ) , G^(3) (C [Z/2 * Z/3] ) ^ G(C [Z/3] ) . 
At p = 2 we obtain an exact sequence: 



u\ - 2u2 - 3 . 



Z[z\ 



where 

(/>(x)=z, (p{y) = l, 4i{ui) = -z, (j){u2) = -3. 
^From this, we obtain 



vi-l,vl-l 



G^(2)(C[r_i]) ^ Z[vu V2, V3] / vl -2V3-3, 

V2V3 -3V2-V3-3 
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At p = 3 we have an exact sequence 



0^G^(3)(C[r_i])— Z[7i] Z[72] /7|-72-2^ (^Z[H / 

In this case, note that ip maps to the Z/2 invariants, as Wr(Z/3) = Z/2. Of 
course, these invariants are isomorphic to G:f(3)(C[S'3]) , and we obtain 



We conclude that n2(r_i) = 5 , n3(r_i) = 2 , and n(r_i) = 6 . 

(2) r, = r_3 = psL2{ZC-±^]) . 

In this case, the finite subgroup structure is described by the diagram 

S3 -77 icy Ai 




At p = 2 this yields a simplified exact sequence 

0^G^(2)(C[r_3])^Z[yi] /yf-22/1-3 Z[y2] j vl-2y^-2> ^ l\z\ jz 

where p{y\) = 2z + 1 , p{y2) = -2z - 1 . 
^Prom this we obtain 



G^(2)(C[r_3]) = Z[y] /y'-2y-3 



Similarly, for p = 3 , we get 

o^G^(3)(cr_3)^ZM ^w^-i^Z[^] y^72_^_2^z^o, 

from which 
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We conclude that n2(r_3) = 2 , n3(r_3) = 4, and n(r) 5 . 

These examples illustrate the computability of G:F(IK.[r]) for K = Q or C. 

4. Projective Modules 

In this section we will relate our construction to -fro(IK[r]) , the Grothendieck 
group of projective modules, IK a field of characteristic 0. Denote by i4'p(]K) 
the Grothendieck group corresponding to the category of K[r]- modules which 
are finitely generated over IK with relations induced only by direct sum decom- 
positions. Clearly, the group G-''(IK[r]) is a quotient of this. 

We recall that Loday [L] has constructed a bilinear pairing, natural in F 

(4.1) K^{K) X i^o(K[r]) ^ Ko(K) . 

We briefly describe how it is defined: if [V] G (K) , where V is determined 
by a homomorphism F GL„(K) , then it extends to a map of algebras 

and hence, induces 

: i^o(IK[r]) i^o(M„x„(K)) ^ Ko(K) . 

Then, 

e{[V],x)=pr^{x); 

this defines e on generators, and it extends by linearity. 

If Q C r is any subgroup, then there is a well- defined induction map 

ifo(K[Q])^^^i^o(K[r]) 
determined on the generators by 

Ml — >M(g)K;[r]. 

Q 

Apply the functor Hom(— ,Z) to this, we get: 

(Ind^;)* 

Hom(ifo(K[r]), Z) Hom(ifo(K[Q]) , Z) . 

Now, consider T , a family of finite subgroups, and suppose F is FCP . Then, 
as before, we can define 

(4.2) Hom(/i'o(IK[F]),Z):r = lim Hom(ii'o(IK[i?]), Z) , 
using conjugation and the Ind* . 
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The following diagram is commutative: 

K°{K) Hom(i^o(lK[r]), Z) 

(4.3) i res i Ind* 
K%(K) Rom{Ko(K[H]) , Z) 

which is the extension of the usual adjunction formula for finite groups. In 

particular, the map on the bottom is induced by the usual pairing on character 
rings, which coincides with eh ■ Tensoring with IK , and taking limits, we obtain 
the commutative diagram 

i<:0(K)®K Rom{KoiK[T]),K) 

(4.4) i res i Ind;^ 

G^(K[r])(g)K Rom{Ko{K[T]),K):F 

Note that Ind is the formal adjoint of the restriction for finite groups, hence, 
the bottom map is an isomorphism. We obtain (using the notation in section 2) 

Proposition 4.1. Under the above hypotheses, if T is VTF then 

dimq Ko (]K[r] ) O Q > dimq {imjj^) Q □ 

In particular if T is VTF and IK = C, then by Proposition 2.19 the rank of 
this image is bounded below by Max(nG), as G ranges over all finite quotients 
of r, and as a corollary of this we obtain: if iiro(C[r]) ^ Z, then T is torsion 
free. This is the converse of a well-known conjecture in algebraic K-theory (see 
[F-J]). It would be interesting to determine when the vertical arrow on the right 
hand side of (4.4) is an isomorphism. 

5. Equi variant K— theory 

Families of finite subgroups play a natural role in representation theory. ^From 
this it is logical to expect that they also will be important in the topological 
invariants arising from vector bundles, in particular for K-theory. In this section 
we will apply families of finite subgroups to prove a general result about the 
equivariant K-theory of a finite G-CW complex, where G is a finite group. 
However this will have an interesting application to discrete groups of the type 
we have been considering. This application was implicitly used in [A], and a 
similar analysis has been done by Quillen [Q] for equivariant cohomology. 

In what follows we will assume that y is a finite G~CW complex, and that 
G is a finite group. Consider the collection of pairs {H,c) where c £ ttq{Y^), 
H d G a, subgroup. We define a morphism 9 : {H,c) {H',c') as a triple 
{{H, c), {H', c'), 6) where ^ is a homomorphism from H to H' of the form 9{h) = 
ghg~^, for some g E G such that gHg~^ C H\ c' C gc. In this way we may 
construct a category (see [Q]) and in particular form the limit of complex repre- 
sentation rings 
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nciY) = lim R(H). 

(H,c) 

The map {H,pt) (G.Y) consisting of the inchision homomorphisni from 
H to G and the map from the one-point space to Y, taking the point to the 
component c G induces a map of rings K^iY) R{H) and hence a ring 
homomorphism to the compatible elements, 

^ : K%{Y) ^ TlaiY). 

We have 

Proposition 5.1. LetY he a finite G-CW complex, then the map f : K^{Y) - 
TZaiY) has nilpotent kernel and becomes a surjection after tensoring with the ra- 
tionals. 

Proof. The proof involves adapting Quillen's methods to equivariant K- 
theory. We describe how this goes. There is a spectral sequence in equivariant 
K-theory [Seg], with 

EP,g ^ HP{Y/G,JC%) ^ KP,^'{Y), 

where ICq is the sheaf on Y/G associated to the presheaf V i-^ KQ{q~^V), and 
g' : y — > Y/G is the natural projection. 

Let s G H"{Y/G,IC"^J, and K C G & subgroup. Let sk : Y^ R{K) 
be the function whose value at y is the image of s{qy) G KQ{Gy) under the 
homomorphism K^{Gy) — > K^{pt) associated to the inclusion of in G and 
the map pt Gy with image {y}. This function is locally constant, and the 
family {sk} is compatible. Hence we have defined a homomorphism 

H\Y/G,}C%)^TZg{Y) 

which is in fact an isomorphism, as can be verified by looking at the stalks of 
this map of sheaves (see [Q], Prop. 5. 11). 

The edge homomorphism in the spectral sequence gives rise to a ring homo- 
morphism 

K'a{Y)^H'{Y/G,JC%) 

which has nilpotent kernel ([Q] Prop. 3. 2). This can be identified with the map 
If, proving the first part of the proposition. 

To prove the rest, we first recall how the following additive decomposition was 
proved in [K]: 

K^{Y) (g) C ^ K*(Ysf(9) C 
(s) 

where (g) runs over conjugacy classes of elements in G, Y^ is the fixed-point 

set of the action of g E G, and C{g) is the centralizer of g in G. The ex- 
plicit isomorphism is described a follows: denote H =< g >, then K^iY^) = 
R{H) O K*{Y"); we have a restriction map K*q{Y) K^{Y") as well as a 
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map K^{Y") K*{Y") ® C defined by mapping the generator of R{H) to 
the appropriate finite root of unity. The sum of these compositions lands in the 
term on the right hand side of the formula above, and becomes an isomorphism 
after complexification. At the level of path components we obtain a surjection 
Kq{Y) (g) C ^ (C)^, where M is precisely the sum over all conjugacy classes 
of 5 G G of the number of distinct C((?)-orbits in tTo(Y3). From the description 
above, it is clear that this surjection factors through the complexification of ip. 
On the other hand consider the G-action induced by conjugation on the set 

SG{Y) = {{g,c) |ce7ro(F«)}, 

defined by {g,c) i— > {hgh~^ ,hc). Using characters we can identify TZciX) ® C 
with the ring of complex valued class functions on Sg{Y). From this it follows 
that the rank of TZg{Y) is equal to M. We infer that </? induces a rational 
surjection. □ 

Now we apply this in the context of discrete groups. First we introduce 

Definition 5.1. If T is a discrete group, and T is a family of finite sub- 
groups, then an -admissible T-complex is a finite dimensional T-CW complex 
X satisfying the following conditions: 

(i) X" if and only if H € T 

(ii) X^ is contractible for all H G !F 
(Hi) X/r is compact. 

Note: if !F is the family of all finite subgroups in F, X is simply said to be 
admissible. 

Let us assume for the remainder of this section that F is a VTF group and that 
for a fixed family !F of finite subgroups there exists an jF-admissible F-complex 
X. Choose a torsion-free normal subgroup F' C F, with quotient a finite group 
G. An obvious consequence of our assumptions is that F' acts freely on X. A 
less apparent consequence is that will have a finite number of elements up to 
conjugacy; in particular if JF is the family of all finite subgroups in F, then the 
group will satisfy the FCP condition. For these and related facts we refer to [Q] 
and [A]. 

REMARK Admissible complexes exist for many interesting classes of groups, in- 
cluding arithmetic and mapping class groups. It is also possible to work p-locally 
for these groups (see [JMO]). 

We now apply the preceding proposition toY = X/V, G = T/V. Using that 
X^ ^ all iJ e the restriction maps followed by fixed-point inclusions 

K^{X)^K*„{X)^G{C[H]) 

for each H & induce a map 

ir°(X)— ^G^(C[F]) , 
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as it is compatible with respect to restriction and conjugation. Our hypotheses 
imply that TZr{X) is well-defined and naturally isomorphic to G:?r(C[r]). In fact 
the map {X, T) {Y, G) gives rise to a commutative diagram 

K*{X) — . G^(C[r]) 



K*^{Y) > UaiY) 

As pointed out by Quillen [Q] , the vertical arrow on the right is an isomorphism; 
as r' acts freely on X, the one on the left is also one, and hence we obtain 



Corollary 5.1. If X is an -admissible T com,plex, then there is a ring 

map K^{X) >G;F(C[r]) which has nilpotent kernel and is a rational sur- 

jection. 

This result shows that the equivariant K-theory of X can be used to dis- 
tinguish conjugacy classes of elements of finite order in F, unlike the actual 
representation ring, as we mentioned before. Likewise we see that our construc- 
tion is a basic ingredient in equivariant K-theory. We remark that it would be 
both natural and interesting to introduce Adams operations in this context. 

Next we provide an application of our methods to certain virtiially free groups. 
Let r be a group (of virtual cohomological dimension 1) which has a tree T as 
an admissible complex. By [Sel] there exist finite subgroups Gi , . . . , Gm and 
Hi, . . . , Hn such that T/T has precisely m orbit representatives of 0-simplices, 
with respective isotropy Gj and n orbit representatives of 1-simplices, with re- 
spective isotropy Hj. The Gj's are maximal finite subgroups, and the Hj's 
correspond to their intersections. Note that every finite subgroup can be conju- 
gated into a subgroup of these maximal ones. In this case the spectral sequence 
for equivariant K-theory simplifies to yield: 

K°{T) ®ZiR{Gi) ®j=iRiHj) Kl{T) 
from which we conclude 

K^{T) ^ G^(C[r]). 
Rationally it turns out [A] that in fact T can be chosen so that 

Kl{T)®q^®(^)H\BCr{i),Q) 

where the sum is taken over conjugacy classes of elements of finite order in F. 
We obtain, using the notation from section 1: 
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Corollary 5.2. The number of conjugacy classes of elements of finite order 
in a group T having a tree as an admissible complex can be computed from the 
formula 



n(r) = n(Gi) + • • • + n(G„) - {n{H,) + - ■ • + n(i?„)) + ^ dzmQi?i(SCr(7), Q)- 

(7) 

□ 



We conclude by recording a few questions related to the topics in this paper 
(the relevant section is mentioned after each): 



1. If IK is the field of fractions of R, a Noetherian integral domain, calculate the 
map G3^{R[T]) — > Gj^{K[T]). [section 2] 



2. Under what hypotheses on F is the inclusion Gj^{R[T]) — > Gj^{R[r]) a 
rational equivalence? [section 2] 



3. For what groups is is true that 



Hom{KoiK[r]),K) Hom{Ko{K[T]),K)^ 



is an isomorphism? [section 4] 



4. If F is a suitable field of characteristic p > 0, find a formula for ifF°(i3F) 
(modular K-theory) using GjF(p/)(C[F]) and Adams operations, [section 5] 
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